We present a novel inertial-isolation scheme based on six degree-of-freedom (6D) interferometric readout of a single reference mass. It is capable of reducing inertial motion by more than two orders of magnitude at 100 mHz compared with what is achievable with state-of-the-art seismometers. This would in turn dramatically improve the low-frequency sensitivity of gravitational-wave detectors. The scheme is inherently two-stage, the reference mass is softly suspended within the platform to be isolated, which is itself suspended from the ground. The platform is held constant relative to the reference mass and this closed-loop control effectively transfers the low force-noise of the reference mass to the platform. The loop gain also reduces non-linear couplings and dynamic range requirements in the soft-suspension mechanics and the interferometric readout.
Direct observations of gravitational waves [1] [2] [3] [4] were made possible thanks to the careful design of Advanced LIGO [5, 6] and Virgo [7] and their seismic isolation systems. At LIGO, test masses are suspended from platforms [8, 9] that are actively stabilized using inertial sensors. The first goal of the isolation system is, in combination with a quadruple susepension system [10] , to attenuate ground motion by more than 10 orders of magnitude in the detection band (above 10 Hz). The second goal is to reduce the RMS motion of the test masses in order to simplify the lock acquisition process [11] , achieve a high observation duty cycle, and minimize the bandwidth of auxiliary control loops [12, 13] .
During the first detections of gravitational waves from binary black-hole and binary neutron-star mergers, all significant signal-to-noise ratio was accumulated at frequencies above 20 Hz [1, 2, 4] . Lower frequencies are not used in the analysis due to non-stationary control noises from the auxiliary degrees of freedom. The current bandwidth of the angular control loops at LIGO is determined by the residual RMS motion of the isolated platforms, and despite the sophistication of the internal seismic isolation systems [14] , they do not significantly reduce the RMS motion at micro-seismic frequencies, 0.1-0.3 Hz, and they amplify motion between 10 and 70 mHz.
The primary limitation of low-frequency inertial isolation systems is tilt-to-horizontal coupling. Currently LIGO measures inertial tilt by taking the difference of separated vertical sensors such as Trillium T-240 seismometers. Even though the angular inertial performance is approximately the same as the seismometer selfnoise, the horizontal sensitivity is degraded by a factor of 1 + g 2 /ω 4 [15] , where g is local gravitational acceleration and ω is the angular frequency. The resulting noise is unacceptably large at low frequencies and alternative solutions to the tilt-coupling problem are required.
Two approaches are currently being explored in the LIGO-Virgo collaboration to reduce the low-frequency motion. The first aims to develop a seismometer that is insensitive to tilt in a particular frequency band [16, 17] . The second aims to actively stabilize the tilt-motion of the isolated platforms using 1D rotation sensors. Custom-built devices have considerably better tilt sensitvity than commercial seismometers [18, 19] .
In this paper, we present an optical 6D seismometer. The core of this instrument is a reference mass that is softly suspended in all six degrees of freedom from an isolated platform. Its position relative to the platform is monitored using six interferometers. Figure 1 shows the design concept: control forces are applied to the platform with high gain to stabilize the relative position, effectively transferring the inertial stability of the reference mass to the platform. This process is similar to the drag-free control of satellites, where thrusters hold the spacecraft a constant distance from a freely-floating reference mass that is shielded from external forces. The advantage of our scheme is that no mechanical degrees of freedom are constrained. We compare the performance of our seismometer with the best commercial seismometers. Our proposed instrument is capable of substantially reducing the motion of the platforms at LIGO and thereby reducing the bandwidth of auxiliary control loops by a factor of approximately 5. These improvements will increase the duty cycle of LIGO and allow the observation of gravitational waves at 10 Hz. With upgrades to other parts of the detectors, observations at frequencies down to 5 Hz will be possible. This seismometer also opens a way towards even lower observational frequencies by future gravitational wave detectors such as ET [20] and Lungo [21] .
Mechanical design -The reference mass is suspended from a fused silica fibre, with a metal blade spring providing additional compliance in the vertical direction. The whole fibre assembly is quasi-monolithic [22, 23] similar to the LIGO and Virgo test mass suspensions, which implies that the fibre attachments at both ends do not significantly increase the thermal noise of the mass. Angular resonances are tuned below 10 mHz and longitudinal resonances are between 0.5 and 1 Hz.
The tilting degrees of freedom, RX and RY as seen in Fig. 1 , are a critical feature in the mechanical design. Due to tilt-coupling, the sensing and thermal noise must be strongly suppressed compared with conventional seismometers, and the tilt-mode must have a very low resonant frequency to distinguish it from the translational motion. In our design these criteria are met by combining a geometrically large reference mass, a thin, highlystressed fused silica suspension and interferometric readout. The three-spoked design in Fig. 1 meets these requirements.
The fundamental resonant frequencies and quality factors of the six principle modes are shown in Table I . The horizontal translational (X and Y) degrees of freedom are essentially pendulum modes. The vertical (Z) resonance is determined by the elastic restoring force of the blade spring and the torsion (RZ) by the shear restoring torque of the fibre. The material loss angle of the fibre, dominated by surface and thermo-elastic loss, is conservatively assumed to be 10 −6 [24] . A fuller description of the assumed material properties and suspension stiffnesses is given in the supplemental material.
The tilt-mode stiffnesses are affected by both elastic and gravitational restoring terms. Assuming the elastic bending length is much shorter than the pendulum length, the elastic angular stiffness of the bending fibre, κ el , can be calculated as shown in [25] (and more generally as shown in [26] ) resulting in
where the second moment of area I a = π 4 r 4 for a circular cross-section fibre of radius r, mg is the tension in the fibre, and E is the elastic modulus.
For the parameters chosen here, the elastic resonant frequency in tilt is ω el = 2π × 23 mHz. To reach the desired resonant frequency of ω RX = 2π × 5 mHz, the centre of mass must be adjusted such that there is a negative gravitational stiffness, a technique demonstrated in beam rotation sensors [18] . This in turn 'concentrates' the elastic loss, reducing the resulting quality factor like ω 2 el /ω 2 RX [27] .
While decreasing the quality factor may initially seem bad, the inertial-equivalent motion (or the thermal-noise torque) is only dependent on the underlying loss, regardless of the resonant frequency. More generally, the thermal-noise limited angular inertial-sensitivity can be determined as a function of mass. The thermal torque is proportional to square-root of the elastic stiffness [27] , and to achieve constant fibre stress, m ∝ r 2 . Combined with Eq. 1, we find that the thermal torque is proportional to m , as long as the majority of the suspended mass is a fixed distance from the suspension point. This weak scaling means that technical considerations of fibre and reference mass construction should determine the final mass (at the factor of a few level), rather than the elastic resonant frequency or the final quality factor of the RX resonance.
Sensitivity analysis -The predicted performance of the isolation system is limited by the thermal noise of the suspension and a set of technical noises that include readout noise, temperature gradients, and control noise. The primary goal of this section is to calculate the residual horizontal motion of the isolated platform. Since tiltcoupling is a dominant factor in the horizontal performance, we present an analysis of both horizontal and tilt degrees of freedom. Fig. 2 shows noise budgets for the inertial sensing noise in tilt and horizontal translation. The thermal noise curves are calculated assuming that the loss angles of the fibre and blade-spring are frequency independent. The loss of the fibre is conservatively estimated to allow for anticipated clamping losses at the metal-glass interfaces. The thermal noise of the fibre is only dominant in the tilt degree of freedom close to the resonant frequency.
There is significant thermal noise in the vertical direction, where the blade spring must support the total mass load with a relatively high loss material (maraging steel). The cross-coupling between vertical and other degrees of freedom is, however, small. We assume a cou- pling of 10 −3 , consistent with Advanced LIGO suspension modelling [22] , placing it safely below other noise contributions.
The position of the reference mass is monitored relative to the isolated platform using 3 horizontal and 3 vertical Michelson-type interferometers at locations marked with capital letters in Fig. 1 (right) . A sensitivity of 10
Hz is assumed, and this has recently been demonstrated at frequencies between 0.1 and 10 Hz in [28] . Even with this sensitivity, readout noise, through both Tilt-coupling and translational sensing, is the dominant noise contribution to the horizontal sensitivity below 1 Hz. Improvements of up to an order of magnitude are possible before the readout noise is limited by photon shot noise, which is ∼ 10 −15 m/ √ Hz for a few milliwatts of optical power.
Thermal expansion makes two distant points of the platform move differentially. We stabilize motion at one point of the platform while the optic is suspended from a different location. We estimate the amplitude spectra density of the thermal-expansion-driven motion, √ S te , of the optic suspension point at 1 mHz to be S te = α∆T ∆L = 10 −9 ∆T 1 mK
where α ≈ 10 −5 is the coefficient of thermal expansion, ∆T is the temperature fluctuation, and ∆L is the distance between the optic suspension point and the seismometer. The temperature gradients that cause this relative motion decrease in magnitude as 1/f and they are additionally low-pass filtered by LIGO's vacuum enclosure with a timescale of ∼5 hours. Therefore, above 1 mHz this noise decreases as 1/f 2 and should not limit isolation performance.
Very soft mechanical oscillators, such as the RX, RY, and RZ resonances of our reference mass, are prone to long-term drift. To keep the reference mass at its operating point and actively damp the resonant modes, lowfrequency control forces must be applied. The magnitude of the required force is dependent on residual stresses and creep in the suspension materials. To prevent the applied forces from spoiling the isolation performance, we anticipate using a combination of low-magnitude continuous forces (such as capacitive actuation) with a dynamic range of ∼10 7 and either step-wise remote control (such as slip-stick actuation) or manual re-adjustment to cope with long-term drift.
Isolation performance and impact -The '6D optical seismometer' trace in Fig. 3 represents the total inertial motion in the horizontal direction when all control loops are closed. To avoid adding low-frequency inertial sensing noise to the platform, the feedback signals are blended with position sensor signals at ∼10 mHz, effectively 'locking' the platform to the ground at very low frequencies. At higher frequencies, ground motion leaks through the blending filters (shown in the supplemental material), reducing performance near 0.1 Hz.
The predicted performance shown is more than two orders of magnitude better than what is possible with state of the art STS-2 seismometers. The RMS displacement is significantly less than a nanometre for all frequencies above 100 mHz. Such isolation will drastically simplify the lock acquisition procedure of gravitational wave detectors, which currently suffer from large low-frequency motion of ∼100 nm over 100 seconds.
The next benefit comes from the observation time. During the first science runs, the coincident duty cycle of the two Advanced LIGO instruments was 44%, and each interferometer was in 'observation mode' 66% of the time. For 18% of the run, each instrument was not observing due to ground motion at micro-seismic frequencies, wind, and earthquakes. The individual instrument duty cycle could be 81% if the new isolation scheme is implemented, increasing the total coincident observation time to 66%.
Noise from auxiliary degrees of freedom currently limits the performance of Advanced LIGO performance below 20-30 Hz [12] . The dominant contribution is from angular control of the test masses, where a closed-loop bandwidth of 2.5 Hz is required to suppress the angu- lar motion to a few nanoradians RMS. With our proposed seismometer, the bandwidth of the auxiliary control loops will be reduced to 0.5 Hz, rendering control noise from these degrees of freedom insignificant for the gravitational wave readout above 5 Hz.
Finally, the proposed seismometer opens a way towards detecting GW at 5 Hz using ground based detectors. Potential upgrades for the LIGO instruments have recently been proposed [29] that would allow the detection of intermediate mass black holes up to 2000M and studies at cosmological distances. A single detector will have a reach of z ≈ 6. The 6D interferometric isolation system proposed in this Letter is a foundational element for achieving the required performance at low frequency.
The equations of motion for the reference mass and suspension are simple in Z and RZ, where only the elastic bending of the blade-spring and the torsional compliance of the suspension fibre (respectively) contribute restoring forces. The X and RY (and similarly Y and RX) de- grees of freedom are intrinsically coupled. Fig. 4 shows a schematic view of the relevant parameters for determining the Lagrangian of the generalised coordinates α and β, which are approximately equal to the final Cartesian coordinates X and RY (or Y and RX). The design parameters for the reference mass and its suspension are shown in Table II . The flexing of the suspension fibre provides an elastic restoring torque a distance of L el from its attachment point with an angular spring κ el . The displacement d between the centre of mass and the lower bending point of the fibre can be adjusted to be positive or negative (through the use of a lockable moving mass) to tune the resonant frequencies of the tilting modes. The 2-D Lagrangian is
which is valid for d L, R and α, β 1. From the Lagrangian, the (coupled) equations of motion are derived and solved, creating a stiffness matrix. From this the normal-mode frequencies can be determined as a function of the design parameters, although in practice the design height d is adjusted to give the desired resonant frequency in RX and RY.
There are limits to how much the tilt-resonances can be lowered in frequency, such spring-antispring systems are prone to hysteresis and collapse when the quality factor approaches 0.5 [30] . Ellipticity in the suspension fibre will also make one axis stiffer than the other. However, for the parameters suggested here, neither of these issues are expected to be significant and there is still margin to reduce the total suspended mass (and as such the fibre diameter), resulting in lower elastic tilt resonant frequencies.
While the coupled equations of motion are important for the tilting modes, the fundamental horizontal translation resonances are nearly unaffected by the bottom hinge and material stiffness, and can be well approximated by a simple pendulum. Z and RZ are essentially independent of other degrees of freedom and the fundamental resonant frequencies can be, respectively, determined by the (effective) extension of the blade spring, ∆z, and the torsional stiffness of the suspension wire 2 is the second moment of area of the cylindrical fibre along it's long-axis.
B. Sensor blending filters
At low frequencies the sensitivity of LIGO inertial sensors degrades as ∼ 1/f 4 .5 − 1/f 5 as shown in Fig. 2 . In order to avoid contamination of the optical bench motion with this noise, LIGO high passes signals from inertial sensors below a particular frequency. Instead, signals from position sensors that measure the relative motion between the ground and the bench with high precision are used. The sensor blending frequency is determined by the seismometer noise, and for both the STS-2 and 6D optical seismometers, it is chosen to minimise the RMS velocity of the isolated platform. It is possible to lower the blend frequency, improving performance at 0.1 Hz at the expense of substantially increased low-frequency motion. Fig. 5 shows blending filters used to calculate the residual motion of the optical bench shown in Fig. 3 with the 6D seismometer (10 mHz blend) and STS-2 seismometers (40 mHz blend). In each case the low-and high-pass filters are complementary (the sum is equal to one). 
